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Abstract. We study three-dimensional Lorentzian homogeneous Ricci soli- 
tons, proving the existence of shrinking, expanding and steady Ricci solitons. 
For all the non-trivial examples, the Ricci operator is not diagonalizable and 
has three equal eigenvalues. 



1. Introduction 

A Ricci soliton is a pscudo-Ricmannian manifold (M, g) which admits a smooth 
vector field X on M such that 

(1) C x g + Ric= Xg, 

where Cx denotes the Lie derivative in the direction of X, Ric denotes the Ricci 
tensor and A is a real number. A Ricci solition is said to be a shrinking, steady or 
expanding, respectively, if A > 0, A = or A < 0. 

The description of Ricci solitons can be regarded as a first step in understand- 
ing the Ricci flow, since they are the fixed points of the flow. Moreover, they are 
important in understanding singularities of the Ricci flow. Under suitable condi- 
tions, type I singularity models correspond to shrinking solitons, type II models 
correspond to steady Ricci solitons while type III models correspond to expanding 
Ricci solitons. We refer to (6) for a survey and further references on the geometry 
of Ricci solitons. 

Theoretical physicists have also been looking into the equation of Ricci solitons 
in relation with String Theory. A seminal contribution in this direction is due to 
Friedan [11] (see also [l][T6] for a discussion of physical aspects of the Ricci flow). 
Although it was first introduced and studied in a Ricmannian context, the Ricci 
soliton equation (JTJ) is currently being investigated in pseudo-Ricmannian settings, 
with special attention to the Lorentzian case pj Qjj] . The Ricci soliton equation 
may also give some insight into the general study of Einstein field equations, of 
which |T]) is a special case. 

As proved in [8] (see also [El [18]), three-dimensional Lie groups do not admit 
left-invariant Ricmannian Ricci solitons. In this paper, we study the corresponding 
existence problem in Lorentzian signature. We shall conclude that the Lorentzian 
case is much richer, allowing the existence of expanding, steady and shrinking left- 
invariant Ricci solitons. 
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Three-dimensional locally homogeneous Lorentzian manifolds are either locally 
symmetric or locally isometric to a three-dimensional Lie group equipped with a 
left-invariant Lorentzian metric. Moreover, three-dimensional locally symmetric 
Lorentzian manifolds which arc not of constant sectional curvature, are either lo- 
cally isometric to a Lorentzian product of a real line and a surface of constant Gauss 
curvature, or they are Walker manifolds with a two-step nilpotcnt Ricci operator [3]. 

It is clear that, in addition to Einstein spaces, products N k (c) x R with N k (c) 
of constant sectional curvature are Ricci solitons, both in the Riemannian and the 
Lorentzian case. In fact, it suffices to consider the Gaussian soliton on the R-factor, 
scaling it by the constant value of the sectional curvature. An immediate calculation 
shows that the gradient of f(t) = ^Xt 2 defines a Ricci soliton on N k (c) x R for 
A = (k — l)c. Ricci solitons on Walker manifolds with nilpotcnt Ricci operator are 
considered in Section [31 proving the existence of expanding, steady and shrinking 
locally symmetric Ricci solitons. 

The existence of left-invariant Lorentzian Ricci solitons on Lie groups is analyzed 
in Section [2] The following result summarizes the classification of Lorentzian 
homogeneous Ricci solitons in dimension three: 

Theorem 1. Let M be a three-dimensional simply connected, complete homoge- 
neous manifold. M is a Ricci soliton if and only if M is one of the spaces listed 
below: 

i) a space of constant curvature N 3 (c); 

ii) a Lorentzian product R x N 2 (c); 

iii) a symmetric Walker manifold; 

iv) a unimodular Lie group G with one of the following Lie algebras: 

(iv.l) [ei,e 2 ] = |e 2 - (J3 - |)e 3 , [ei, e 3 ] = -{f3 + |)e 2 - |e 3 , 
[e 2 , e 3 ] = aei, 

with either a = 0ora = /3^0. // a = then G = E(l, 1), while if 
a = /3 ^ then G = (1,2) or G = SL(2,R). 

(w. 2) [ei,e 2 ] = --^ei - ae 3 , [ei, e 3 ] = -^e x - ae 2 , 
[e 2 ,e 3 ] =«ei + ^e 2 -^e 3 . 

If a = then G = £7(1, 1), while if a ^ then either G = (1,2) or 
G = SX(2,R). 

v) a non-unimodular Lie group G with He algebra given by 

[ei,e 2 ] = --±= (aei + ^P(e 2 + e 3 )j , [e±, e 3 ]=^ U*ei + ^^(e 2 + e 3 )J , 
[e 2 ,e 3 ] = -^S(e 2 +e 3 ). 

In cases iv) and v), {ei,e 2 ,e 3 } is an orthonormal basis of the corresponding Lie 
algebra, of signature (+ H — ). 

From now on, by a non-trivial Ricci soliton we shall mean a Ricci soliton which 
is neither Einstein nor a product R x N k {c). The explicit description of three- 
dimensional non-trivial homogeneous Lorentzian Ricci solitons is given in Sections^ 
and where the causal character of vector fields defining these Ricci solitons is 
also discussed. 
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We briefly recall that the Ricci operator Ric, being self-adjoint, is always diago- 
nalizable in the Ricmannian case, while at each point of a Lorentzian manifold four 
different cases can occur, known as Segre types. In dimension three, the possible 
cases are the following [14] : 

(la) Segre type {11, 1}: Ric is symmetric and hence diagonalizable. The comma 
separates the spacelike and timelike eigenvectors. In the degenerate case, 
at least two of the Ricci eigenvalues coincide. 

(Ib) Segre type {Izz}: Ric has one real and two complex conjugate eigenvalues. 

(II) Segre type {21}: Ric has two real eigenvalues ( which coincide in the de- 
generate case), one of which has multiplicity two and each associated to a 
one-dimensional cigenspace. 

(Ill) Segre type {3}: Ric has three equal eigenvalues, associated to a one-dimen- 
sional eigenspace. 

Segre types of the Ricci operator of a three-dimensional homogeneous Lorentzian 
manifold were discussed in [5] (see also the description included in Sections [5] and 
[3]). Taking into account the classification given in Theorem [TJ we have at once the 
following 

Theorem 2. A complete and simply connected three-dimensional homogeneous 
Lorentzian manifold is a non-trivial Ricci soliton if and only if the Ricci opera- 
tor Ric is not diagonalizable and has exactly three equal eigenvalues, that is, Ric is 
either of Segre type {3} or of degenerate Segre type {21}. 

2. Three-dimensional Homogeneous Lorentzian Manifolds 

A connected, complete and simply connected three-dimensional homogeneous 
Lorentzian manifold is a Lie group [3]. For the sake of completeness we include a 
brief description of three-dimensional unimodular and non-unimodular Lie groups. 
Theorems [1] and [2] will follow from the subsequent analysis. Theorem [T] iv) and v) 
and Theorem [5] will follow from the subsequent analysis. 

2.1. Unimodular Lie groups. Let x denote the Lorentzian vector product on M.f 
induced by the product of the para-quaternions (i.e., c\ x e 2 = — ea, e% X = e\, 

e3 x ei = e 2 , where {ei,e2,e3} is an orthonormal basis of signature (+ H )). 

The Lie bracket [,] defines the corresponding Lie algebra q, which is unimodular if 
and only if the endomorphism L defined by [Z,Y] = L(Z x Y) is self-adjoint [20] . 
Considering the different Segre types of L, we have the following four classes of 
unimodular three-dimensional Lie algebras (we follow notation in [12]): 

2.1.1. Segre type {11, 1}. If L is diagonalizable with eigenvalues {a, /3, 7 } with re- 
spect to an orthonormal basis {e±, e 2 , e^} of signature (+ H — ), the corresponding 
Lie algebra is given by 

(2) {0ia) ■ [ei,e 2 ] = - 7 e 3 , [ei,e 3 ] = -/3e 2 , [e 2 ,e 3 ] = ae x . 

Up to symmetries, the only nonvanishing components of the curvature tensor are 
given by 

#1221 - J (a 2 + 1 - 3 7 2 - 2a{3 + 2a 7 + 2/? 7 ) , 
#1313 = H" 2 - + 7 2 + 2a/3 - 2a 7 + 2/3 7 ) , 
#2332 = \ (3a 2 - P 2 - 7 2 - 2a/3 - 2a 7 + 2/3 7 ) , 
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and the Ricci operator is diagonalizable (that is, of Segre type {11, 1}) with respect 
to the basis {ei, e 2 , 63} with eigenvalues 

(3) A 1 = i((/3- 7 ) 2 -« 2 ), A 2 = i((«- 7 ) 2 -/n A 3 = i((«-/?) 2 - 7 2 ). 

For an arbitrary vector X = ^ Xiei, from equation ([2]) we get 

/ X 3 (a-p) X 2 { 1 -a) 

{C x g)= X 3 (a-p) 

V Xa(7-a) ^i(/3-7) 

Hence, by (QJ, there exist a Ricci soliton of this type if and only if the following 
system of equations is satisfied: 



( ((3 - 7 ) 2 - a 2 = 2A 



(4) 



2 -a 2 
(a - 7 ) 2 - /3 2 = 2A, 
(a - Pf - 7 2 = 2A, 
X 1 (/3- 7 ) = 0, 
X 2 (a- 7 ) =0, 
I X 3 {a-P) =0. 



Now, from ([3]), it is clear that any solution of ^ gives rise to an Einstein metric. 
Therefore there are no homogeneous non-trivial Ricci solitons of Segre type {11, 1}. 

2.1.2. Segre type {lzz}. Assume L has a complex eigenvalue. Then 

/ a \ 

L = 7 -/? , /3 ^ 0, 
V /3 7 / 

with respect to an orthonormal basis {ei, e 2 , e 3 } of signature (+ H — ). The corre- 
sponding Lie algebra is given by 

(fl/b) : [ei,e 2 ] = /3e 2 -7e 3 , [ei, e 3 ] = -7e 2 - f3e 3 , [e 2 ,e 3 ]=ae 1 . 

The non-zero components of the curvature tensor (up to symmetries) are 



R12 



Ri 



313 



H« 2 +4/3 2 ) 



|a 2 +/3 2 -a7, Ami = j8(a - 2 7 ). 



The Ricci operator Ric, with respect to the basis {ei, e 2 , 63}, is described as follows: 



Ric = 



-±(a 2 +4/? 2 ) 

\a{a - 2 7 ) -f3(a - 2 7 ) 

(3(a - 2 7 ) ±a(a - 2 7 ) 



Hence, Ric is of Segre type {lzz} if a 7^ 27 and {11, 1} if a = 27. For X = Xiei, 
one has 

X 2 f3 + X 3 (a-j) X 3 p + X 2 { 1 -a) 

(C x g)=\ X^ + X^a-j) -2X 1( S 

X 3 /3 + X 2 (7-a) -2Xi/3 
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and thus, we have a homogeneous Ricci soliton of Segre type {l^.z} if and only if 



' a 2 + 4/3 2 = 


-2A, 




a 2 — 2aj — 


4X t p = 


2A, 


a 2 — 2q7 + 


4Xi/? = 


2A, 


X 3 (a - 7) - 


VX 2 (3 = 


0, 


X 2 (a - 7) - 


-X 3 f3 = 


0, 



I £(a-2 7 ) = 0. 

Since (3^0, the last equation in ([5]) gives a — 27 = 0. Hence, the second and 
third equations simplify to —AXifi = 2A and 4X^/3 = 2A, respectively, which imply 
Xi = A = 0. Finally, from the first equation one gets that there are no solutions 
of ([5]) with (3 0. Therefore there are no homogeneous Ricci solitons of Segre type 
{Izz}. 



2.1.3. Segre type {21}. Assume L has a double root of its minimal polynomial. 
Then, with respect to an orthonormal basis {ei, 62,63} of signature (+ H — ), one 
has 





and the corresponding Lie algebra is given by 

(qii) : [ei,e 2 ] = |e 2 - (/9- |)e 3 , [ei, e 3 ] = + |)e 2 - \e 5 , [e 2 , e 3 ] = orei. 

The non-zero components of the curvature tensor are given by 

#1221 = \{a 2 -2a + 4/3) , R 1313 = \ {a 2 + 2a - 4(3) , 
-R2332 = |a(3a - 4/?), i?i 231 = |a - j3. 

Hence the Ricci operator takes the form 

/ -\a 2 

(6) Ric= §(a + l)(a-2/3) -\a + (3 

\ i(a-l)(a-2/3) 

with eigenvalues Ai = —\c? and A2 = A3 = \ot(u~ 2(3). Thus, Ric is of Segre type 
{21}, degenerate if and only if a = or a = (3. 
For a vector field X = ^ Xjej, we get 

au 
(C x g) = I 012 -Xi 
ai3 X\ 

where a 12 = ^(X 2 +X 3 (2a~2(3—1)) and ai 3 = -(X 3 +X 2 (2/3-2a-l)). Necessary 
and sufficient conditions for the existence of a homogeneous Ricci soliton of Segre 
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type {21} are then given by 



(7) 



< 



a 2 = -2A, 



2Xi 
2X 1 



2A, 
2A, 



a 2 - 2a(3 + a - 2(3 
a 2 - 2af3 - a + 2/3 - 
a - 2/3 - 2Xi = 0, 
(2a - 2(3)X 3 +X 2 - X 3 = 0, 
{2a - 2j3)X 2 + X 2 - X 3 = 0. 

From the second and forth equation in ([7]) one gets a 2 — 2a/3— 2X = 0. Replacing 
into the first equation, we then obtain a{a — /3) = 0. Hence, either a = ^ /3 or 
a — ft 7^ 0. (We excluded the case a = [3 = 0, since by ([H]) this corresponds to a 
flat manifold.) 

First case: a = ^ fi. From the first equation in ([7]) one gets A = 0, the last two 
equations give X 2 = X3 and the forth equation yields X\ 
(spacclike) vector field 

(8) X 



-/?. Therefore, the 



defines a homogeneous (steady) Ricci soliton. By ^ , the Ricci operator is two-step 
nilpotcnt but nonvanishing (since (3^0), that is, of degenerate Segre type {21} 
with eigenvalue equal to zero. 

Second case: a = (3 7^ 0. In this case, one easily gets from ([7]) that A = —\0 1 ^ 
that X\ = —\(3 and that X 2 = ^3; thus, there exist a one-parameter family of 
homogeneous expanding Ricci solitons, given by 

(9) X = --/?ei +5e 2 + Se 3: 5 el. 



Note that the causality of X is again fixed and one can only find examples of solitons 
for X spacclike but not null or timelikc. Since a = (3 7^ 0, ([6]) yields that the Ricci 
operator is of degenerate Segre type {21}, with one non-zero eigenvalue equal to 
-la 2 . 

Remark 3. A Lie group of Segre type {21} with a = or a = (3 is locally 
symmetric if and only if (3 = (see [4]). This shows that previous examples are not 
locally symmetric. 

2.1.4. Segre type {3}. Assume L has a triple root of its minimal polynomial. Then 

/ 



L = 



\ 



a 
1 

-A 



1 

a 



1 




with respect to an orthonormal basis {61,62,63} of signature (- 
corresponding Lie algebra is given by 



-), and the 



(Sin) 



ei,e 2 



V2 



ei - ae 2l 



ae 3 , [ei,e 3 ]= 
[e 2 ,e 3 ] = ae i + 7f e 2 - ^e 3 . 

Hence the non-zero components of the curvature tensor (up to symmetries) are 

-R1221 = 4 (a 2 + 4) , -R1331 = 1 — joc 2 , -R2323 



1231 



\a 2 , 



R 



1223 



i?1323 - 
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The Ricci operator, expressed in terms of the basis {ei, ea, 63}, becomes 
Ric 



( 




-> 






-> 


-I(« 2 + 2) 


-1 


\ 




1 


l-±a 2 



with a single eigenvalue — \o? . If a ^ 0, then ffic is of Segre type {3}, while Ric 
is two-step nilpotent if a = 0. 

For a vector X = Xjej, the Lie derivative has the following expression 

/-2(X 2 +X 3 ) X! X 1 
{C x g) = -= X x 2X3 X 3 - X 2 

\ X\ X3 — X2 —2X2 

Thus the Ricci soliton condition ((TJ on Qui gives rise to the following system: 

^ + V2X 2 + V2X 3 = -A, 
^ - \/2X 3 + 1 = —A, 
{ ^_V2X 2 -1 = -A, 
^(X 1 -a)=0 1 

X 2 - JT 3 + V2 = 0. 

If we subtract half of the second and third equations to the first one in (fTCTj) . we 
see that X2 = —X3 and therefore A = — \o? . Moreover from the forth equation 
X\ = a. Hence any Segre type {3} unimodular Lie group is a homogeneous Ricci 
soliton for 

11 

(11) X = aei =e 2 H =e 3 . 

V2 V2 

Remark 4. A vector field X defining a homogeneous Ricci soliton on qjjj satisfies 
(X, X) = a 2 and thus it is cither spacclikc or null. Correspondingly, the homoge- 
neous Ricci soliton is cither expanding or steady. Note also that Segre type {3} 
unimodular Lie groups are never symmetric (see also [1]). 

Previous analysis proves iv) of Theorem [TJ Lie groups having unimodular Lie 
algebras compatible with the Ricci soliton equation (JTJ) , and listed in Theorem [1] 
can be deduced from (se also [3]). The results we proved are summarized in 
the following 

Theorem 5. The following are all non-trivial homogeneous Lorentzian Ricci soli- 
tons realized as unimodular Lorentzian Lie groups G: 

a) G — E(l, I), with Lie algebra as in TTieonem Q]-(iv .1) , a = ^ (3. The ho- 
mogeneous Ricci soliton is steady and defined by a spacelike vector field l[5]). 

b) G = 0(1,2) or SX(2,R), with Lie algebra as in Theorem\]\-(iv A) , a — /3 7^ 
0. The homogeneous Ricci soliton is expanding and defined by a spacelike 
vector field (|9|). 

c) G = 0(1,2) or SL(2,M), with Lie algebra as in Theorem [7J-(iv. 2), a ^ 
0. The homogeneous Ricci soliton is expanding and defined by a spacelike 
vector field pip . 

d) G = E(l, 1), with Lie algebra as in Theorem\^-{yv .2) , a = 0. The homoge- 
neous Ricci soliton is steady and defined by a null vector field (jlip . 
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Remark 6. Ricci solitons listed in Theorem [5] are locally conformally flat if and 
only if they correspond to G = E(l, 1), which is not locally symmetric. 

2.2. Non-unimodular Lie groups. Following [TU], non-unimodular Lorentzian 
Lie algebras of non-constant sectional curvature are given, with respect to a suitable 
basis {ei,e 2 ,e 3 }, by 

(12) (fl/v) : [ei,e 2 ]=0, [ei, es] = ae\ + (3e%, [e 2 , e 3 ] = 7 ei + 8e 2l 

where a + 8 ^ and one of the following holds: 

IV. 1 {ei,e2,e3} is orthonormal with (ei,ei) = -~(e 2 ,e 2 ) = —(63,63) — —1 and 

the structure constants satisfy — (38 = 0. 
IV. 2 {ei,e2,e3} is orthonormal with (e 1; ei) = (e 2 ,e2) = —(63,63) = 1 and the 

structure constants satisfy + (38 = 0. 
IV. 3 {ei, e2, e 3 } is a pseudo-orthonormal basis with 




and the structure constants satisfy cry = 0. 
We analyze the three cases separately. 

2.2.1. Type IV. 1. The non-zero components of the curvature tensor are given by 

#1212 = 1 (/3 2 + 7 2 + 4a<5 - 2/87) , 
i?i3i3 = i(4a 2 - 3/3 2 + 7 2 + 2/? 7 ), 
#2332 = \ (/3 2 - 3 7 2 + 45 2 + 2/3 7 ) . 
Hence the Ricci operator is diagonalizable with eigenvalues 

Ai = i(/3 2 - 7 2 -2a(a + <5)), 
A 2 = ±h 2 -[3 2 - 28(a + 8)), 
A3 = i((/3-7) 2 -2(« 2 +<5 2 )). 
The Lie derivative of the metric for an arbitrary vector X = ^2 Xid is given by 

/ -2aX 3 X 3 (/3- 7 ) X ia + X 2l 
(£xg)=\ X 3 ((3-j) 2X 3 8 ^X 1 f3-X 2 8 

\ X ia + X 2l -X 1 (3-X 2 S 

and thus necessary and sufficient conditions for the existence of a homogeneous 
Ricci soliton ((T|) on giv.i are given by 



' 1 - 7 2 - 2a(a + 8)+ 4X 3 a = 2A, 
7 2 - 1 - 2<5(a + 8) + 4X 3 <5 = 2A, 
(/?- 7 ) 2 -2(a 2 +<5 2 ) = 2A, 
V1CV + X27 = 0, 

{ Xt/3 + X 2 8 = 0,X 3 (f3 - 7) = 0. 



(13) 



If X3 = 0, then the first three equations in (|T3[) imply Ai = A2 = A3. On 
the other hand, if X 3 ^ 0, then the last equation in (fT3"|) gives /3 = 7. Since 
a 7 — /3# = 0, from a + 8 7^ and (fT3"|) we obtain a = <5 and hence Ai = A2 = A3. 
Thus, all solutions of (fT3")) are Einstein, and hence of constant sectional curvature. 
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2.2.2. Type IV. 2. Assume the non-unimodular Lie algebra Qiv has a basis as given 
in IV. 2. Then, a straightforward calculation shows that the non-zero components 
of the curvature tensor are given by 

i?1212=^-I(/? + 7 ) 2 , 

#1331 = \ (4« 2 + 3/3 2 - 7 2 + 2/? 7 ) , 
#2323 = \ (/3 2 - 3 7 2 - 4£ 2 - 2/3 7 ) . 
Therefore, the Ricci operator is diagonalizable with eigenvalues 

Ai = ±(/3 2 - 7 2 + 2a(a + <5)), 
A 2 = \(l 2 - (3 2 + 2S(a + 6)), 
A 3 = |((/3 + 7 ) 2 + 2(a 2 +( 5 2 )). 

A straightforward calculation from (fT2|) , using the fact that the structure constants 
satisfy a 7 + (3d = and a + S ^ 0, shows that the Lie derivative of the metric with 
respect to a vector X = is given by 

/ 2A 3 a V 3 (/3 + 7 ) -Aia-A 27 

(£xg)=\ X 3 {(3 + 1 ) 2X 3 d -X x (i~X 2 d 

\ -X ia -X 2l -X 1 (3-X 2 5 

Then a Ricci soliton must satisfy 

(3 2 - 7 2 + 2a{a + d) + AX 3 a = 2A, 
7 2 - (3 2 + 25(a + d) + 4X 3 d = 2A, 
{(3 + 1 ) 2 + 2{a 2 +d 2 ) =2A, 
Via + V 27 = 0, 
Xip + X 2 6 = 0, 
A 3 (/? + 7 ) =0. 



(14) 



A similar analysis to that developed for type IV. 1 shows that homogeneous Ricci 
solitons of type IV. 2 necessarily are of constant sectional curvature. 

2.2.3. Type IV. 3. Let now g/y admit a pseudo-orthonormal basis as in IV. 3. We 
then consider the orthonormal basis 

ei:=ei, e 2 := ^(e 2 - e 3 ), e 3 := ^(e 2 + e 3 ), 

with signature (+ H — ). Then the non-zero components of the curvature tensor are 
given by 

#1212 = U2a5 - 2a 2 - 7 (2/3 + 7 )), R 1213 = ±(a 2 + /3 7 - ad), 



i? 13 i 3 = ±(2a<5 - 2a 2 + 7 ( 7 - 2/3)), R 2323 = -| 7 2 . 
The Ricci operator in the new basis {ei,e 2 ,e 3 } becomes 

/ -i 7 2 

Ric=\ §(a(5 - a) + 7(7 - /?)) £ (a(a - <S) + £7) 

V -\(a{a-5) + p 1 ) ±(a(a-£)+ 7 (/3 + 7)) 

which has eigenvalues Ai = — ^ 7 2 and A 2 = A3 = ^ 7 2 - Thus, Ric is of Segre type 
{21}. 
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For an arbitrary vector X = ^ Xiii, the Lie derivative of the metric becomes 

(\/2a(X 3 - X 2 ) a 12 a 13 

a 12 X^ + V^XsS -Xifi - ^S(X 2 + X s ) 

ai 3 -Xifl- ±6(X 2 +X 3 ) X 1 p + V2X 2 5 

where 

«12 = \ (X 3 (/3 + 2 7 ) + V2X ia - X 2 0) , 
«i3 = § (X 2 (/3 ~ 2 7 ) - V2X,a - X 3 0) . 

Now, since 07 = 0, we consider the possibilities a — and 7 = 

that if a = 7 = 0, then the metric giv is flat. 

Assume first that a = 7^ 7. Then, ([1]) holds if and only if 

- 2 = -2A, 



separately. Note 



(15) 



7 

7 2 - /3 7 + 2Xi/3 + 2s/2X 3 5 = 2A, 
7 2 + /? 7 - 2Xi/3 - 2\/2X 2 <5 = 2A, 
-27X3 + X 2/ 3 - X 3 /3 - 0, 
2 7 X 2 - X 2 (i + X 3 /3 = 0, 
_ /?7 - 2Xi/3 - V2X 2 S - V2X 3 S = 0, 

for a vector X = ^ X^. From the forth and fifth equation in (fT5|) wc get X 2 = X 3 , 
which implies, using the second and third equations, that (|15p admits no solutions. 

Now assume now a =/= = 7. Then, (TTJ reduces to the following system of 
equations 

2V2a(X 2 - X 3 ) = -2A, 
aS - a 2 + 2ATi/3 + 2V2X 3 6 = 2A, 
a 2 - aS - 2Xi/3 - 2V2X 2 6 = 2A, 
V2Xia - X 2 /3 + X 3 /3 = 0, 
a 2 - aS - 2Xi/3 = V28(X 2 + X 3 ), 

for a vector X = ^Xje,. We subtract the third equation to the second one and 



(16) 



conclude, using the first equation, that either 2a 
cases separately. 



6 or X 2 = X3 . We analyze both 



Set first a = ^5 ^ 0. Then there exists homogeneous Ricci solitons for 



(17) 



X 



2/3A . 



S 4 + 8(6 2 - 2/3 2 )A _ S 4 - 8(S 2 + 2/3 2 )A 



e 2 



e 3 . 



8V25 3 ' 8V2* 3 

Note that the corresponding solitons may be expanding, steady or shrinking de- 
pending on the value of A, which can be chosen with absolute freedom. 

Set now X 2 = X 3 . Then necessarily A = and Xi = 0. The remaining equation 



a 2 - ad - 2V2X 2 5 
(18) 



in (jT6j) gives rise to homogeneous steady Ricci solitons for 

a 2 - aS 



X = 



2V25 



(e 2 + S3) 



In all cases above the Ricci operator is two-step nilpotent and the metric is 
non-symmetric whenever ad(a — S) ^ 0. Furthermore, for the particular choice 
5 = Q =/= a the resulting metric is symmetric but not of constant curvature [3]. 

The results of this subsection prove case v) of Theorem [T] and are summarized 
in the following 
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Theorem 7. A non-unimodular Lie group G equipped with a left- invariant Lorentz- 
ian metric is a non-trivial homogeneous Ricci soliton if and only if its non-unimodu- 
lar Lie algebra Qiv satisfies 0^0 = 7. 

Steady Ricci solitons, defined by null vector fields (|18[) . exist for any choice of 
a ^ 0,0,6. 

In the special case 5 — 2a, there exist expanding, steady and shrinking Ricci 
solitons, defined by vector fields (|17j) . whose causal character depends on A. 

Remark 8. Nontrivial Ricci solitons in Theorem [7] are locally conformally flat if 
and only if 7 = j3 = 0, in which case they are not locally symmetric. Therefore, 
Thcorcm[7]provides examples of complete locally conformally flat expanding, steady 
and shrinking Ricci solitons. 



3. Three-dimensional Walker manifolds 

We now consider three-dimensional Lorentzian manifolds (M, g) admitting a 
parallel null vector field U. We refer to [2j [9] and references therein for more 
information on Walker manifolds. It has been shown by Walker [21] that there 
exist adapted coordinates (t,x,y) where the Lorentzian metric tensor expresses as 



(19) 



1 

£ 

f(x,y) 



for some function fix, y), where e = ±1 and the parallel null vector field is IA — J^. 
Then, the associated Lcvi-Civita connection is described by 



(20) 



VdA = \fxd u ^d y dy = \fyd t - ±-J x d x 



As shown in [5], the Ricci tensor Ric and the Ricci operator Ric of a metric ([TO)) , 
expressed in the coordinate basis, take the form 



/ 



(21) Ric=-—f xx 




1 



Ric = ~—fxx 
2e 



( 1 








Hence, if f xx = 0, then the metric (fH?)) is flat, while for f xx ^ the Ricci operator 
Ric is two-step nilpotcnt. 

Next, let X = (A(t, x, y), B{t, x, y), C(t, x, y)) be an arbitrary vector field on M. 
A straightforward calculation from |20|) shows that the Lie derivative of the metric 
[Cxg) expresses in the coordinate basis as follows: 



2C t eB t + C X A t + C y + fC t 

eB t + C x 2eB x A x + eB y + fC x 

At+Cy + fC t A X +SBy + fC X Bf x +Cfy + 2{Ay + fCy) 
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(23) 



Now, from (j2"Tj) and (f22|) we obtain the following necessary and sufficient condi- 
tions for a strict Walker metric (Ti"9|) to be a Ricci soliton: 

2C t = 0, 
C x + eB t = 0, 
C v + A t + fC t = A, 
2B X = A, 

A x + eB y + fC x = 0, 
2A y + f x B + f y C - i/ M = /(A - 2C„). 

The first equation in (|23|) gives C = C(x,y) and simplifies the third one. Since 
C does not depend on t, we can easily integrate the second and third equations in 
(f23j) and get 

A = (X-C y )t + G(x,y), B = -^ + H(x,y). 

Therefore, the fourth equation in (|23[) now gives 

(24) - 2tC xx + 2eH x = eX. 

Since (|24[) must hold for any value of t, it implies at once C xx = and 2H X = X. 
By integration we then have C = u(y)x + v(y) and H = ^Xx + w(y). Then the fifth 
equation in (|23[) becomes 

/ttfo)- 2iu / (|/)+eti/(i0 + G x =O 

from where it follows that u(y) is constant: it(y) = a. Then, system (|23|) now 
reduces to 

f a/ + £u; / (y) + G x = ! 

(25) I 2fv'(y)-Xf-2tv"(y) + fy(ax + v(y)) + 2G y 

[ +.fx(w(y) + ^x-eat) = ±f xx . 

The second equation in (|25f holds for any value of t. Hence = —2v"(y) and 
thus af xx = 0. Since f xx = if and only if the Walker metric is flat, we assume 
a = and (f^5|) reduces to 

f26l { ew'{y) + G x = Q, 

1 2/t/(y) - A/ - 2tv"(y) + f y v(y) + 2G V + f x (w(y) + fx) = ±f xx . 

The first equation in (|26p gives G[x,y) = —sxw'(y) + /i(y). Then, since the second 
equation in (|2l)|) must be independent of £, one gets v"(y) = and hence v(t) = 

Py + i- 

Finally we conclude that there exist nontrivial Ricci solitons given by Walker 
metrics (fT9|) if and only if the vector field X takes the form 

X(t, x, y) = (t{\ -f3)- exw'(y) + fj,(y), ^Xx + w(y),(3y + 7^ , 

for some real constants /3, 7 and smooth functions w(y) and (J-(y), satisfying the 
partial differential equation 

(27) 2/3/ - Xf + 2»'(y) - 2exw"{y) + f y (/3y + 7) + f x (^x + w(y)) = ^f xx . 

One can not expect the partial differential equation (|27|) to admit solutions in 
general. We now turn our attention to the special case when the Walker metric is 
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(30) 



locally symmetric. Locally symmetric Walker metrics (|19|) are characterized by the 
fact that their defining function f(x,y) is given by (see [21 E]) 

(28) f(x,y)=x 2 K + xP(y) + Q(y), 

for arbitrary functions P and Q, and constant k which vanishes if and only if 
the metric is flat. When / satisfies (|28|) . a straightforward calculation shows that 
equation (|2"T)) becomes 

= 2x 2 /3k + x {2f3P(v) - |AP(y) + 2 K w(y) + {[3y + j)P'(y) - 2ew"(y)) 
- f + 2pQ(y) - XQ(y) + P(y)w(y) + (py + j)Q'(y) + 2fx'{y). 

But (|29p must hold for all values of x. Therefore, it gives f3 = (excluding the flat 
case k = 0) and reduces to the system 

2ew"(y) - 2nw{y) = jP'(y) - ±XP(y), 

V(y) = f - P(v)w(y) + XQ(y) - iQ'(y). 

The second equation in (|30p . by direct integration, permits to express ft{y) in 
terms of w(y) and P(y),Q(y). The first equation in (|30[) is a second order linear 
ordinary differential equation for u>(y), with constant coefficients, determined by 
the smooth function jP'^y) — ^P(y). A standard theorem ensures the existence of 
solutions for such an equation. Therefore, we proved the following 

Theorem 9. Any three-dimensional symmetric Walker metric (|19[) is a Ricci soli- 
ton, which can be expanding, steady or shrinking and is defined by vector fields 

(31) X(t, x, y) = (\t - exw'(y) + n(y), ^Xx + w(y), 7 

where X and 7 are real constants and the functions w(y) and fJ.(y) are arbitrary 
solutions of (|30j) . In general, the causal character of X may vary with the point. 
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